
Discrete Math      Name ______________________________ 
Lesson 2.4 – Shapley-Shubik Power Index   
Exercise 1         Period   ___________   
 
In the Banzhaf Power Index, we consider coalitions in which the order the players join a 
coalition does not matter.  For example, there is no difference among the 3-player coalitions 
{P1, P2, P3}, {P1, P3, P2}, {P2, P1, P3}, {P2, P3, P1}, {P3, P1, P2} and {P3, P2, P1}.  Therefore, in 
the Banzhaf Power Index, we always write a coalition in numerical order. 
 
In the Shapley-Shubik Power Index, coalitions are formed differently.  The order in which the 
players join a coalition is taken into consideration.  For example, the coalitions <P1, P2, P3> and 
<P1, P3, P2>  are not the same coalition.  In the coalition <P1, P2, P3> , P1 started the coalition, 
P2 joined second and P3 joined last; in the coalition <P1, P3, P2> , P1 started the coalition, P3 
joined second and P2 joined last.  Coalitions that consider the order in which the players joined 
are called sequential coalitions. 
 
The total number of sequential coalitions K in a weighted voting system with N players is given 
by the formula K = N!.  
 
1.  How many coalitions are there in a weighted voting system with 3 players? 1. __________ 
 
2.  How many coalitions are there in a weighted voting system with 4 players? 2. __________ 
 
3.  How many coalitions are there in a weighted voting system with 5 players? 3. __________ 
 
In the Shapley-Shubik Power Index, a weighted voting system with 3 players has 6 possible 
sequential coalitions. 
 
 
 
 
 
  
4.  A weighted voting system with 4 players has 24 possible sequential coalitions.  List all the 
sequential coalitions for a weighted voting system with 4 players.   

  

Sequential Coalition Sequential Coalition Sequential Coalition 

‹P1, P2, P3› ‹P2, P1, P3› ‹P3, P1, P2› 

‹P1, P3, P2› ‹P2, P3, P1› ‹P3, P2, P1› 

Sequential Coalition Sequential Coalition Sequential Coalition Sequential Coalition 

    

    

    

    

    

    



In every sequential coalition, there is a pivotal player who, when he joins, contributes the votes 
that turn what was a losing coalition into a winning coalition.  Every sequential coalition has one 
and only one pivotal player.   
 
To find the pivotal player, we add the players’ weights from left to right, one at a time, until the 
tally is greater than or equal to the quota.  The player whose votes “tip the scales” to turn the 
coalition into a winning coalition is the pivotal player 
 
Consider the weighted voting system [4: 3, 2, 1].  In the table below, PN represents player N and 
wN represents the weight of player N. 
 
 
 

 
 
 
 
 
 
 
 
 
 
5.  Consider the weighted voting system [6: 4, 3, 2, 1].  Determine the pivotal player in each 
sequential coalition. 

 

Sequential Coalition Weight Tally 
(from left to right) 

Pivotal  
Player 

‹P1, P2, P3› w1 + w2 = 3 + 2 = 5 P2 

‹P1, P3, P2› w1 + w3 = 3 + 1 = 4 P3 

‹P2, P1, P3› w2 + w1= 2 + 3 = 5 P1 

‹P2, P3, P1› w2 + w3 + w1= 2 + 1 + 3 = 6 P1 

‹P3, P1, P2› w3 + w1= 1 + 3 = 4 P1 

‹P3, P2, P1› w3 + w2 + w1= 1 + 2 + 3 = 6 P1 

Sequential 
Coalition Weight Tally PP Sequential 

Coalition Weight Tally PP 

‹P1, P2, P3, P4›   ‹P3, P1, P2, P4›   

‹P1, P2, P4, P3›   ‹P3, P1, P4, P2›   

‹P1, P3, P2, P4›   ‹P3, P2, P1, P4›   

‹P1, P3, P4, P2›   ‹P3, P2, P4, P1›   

‹P1, P4, P2, P3›   ‹P3, P4, P1, P2›   

‹P1, P4, P3, P2›   ‹P3, P4, P2, P1›   

‹P2, P1, P3, P4›   ‹P4, P1, P2, P3›   

‹P2, P1, P4, P3›   ‹P4, P1, P3, P2›   

‹P2, P3, P1, P4›   ‹P4, P2, P1, P3›   

‹P2, P3, P4, P1›   ‹P4, P2, P3, P1›   

‹P2, P4, P1, P3›   ‹P4, P3, P1, P2›   

‹P2, P4, P3, P1›   ‹P4, P3, P2, P1›   


