
Discrete Math      Name ______________________________ 
Lesson 2.2 – Banzhaf Power Index   
Exercise 1         Period   ___________   
 
A coalition is a set of players that might join forces and vote the same way. A coalition can have 
just one player or it can consist of all players.  A coalition that consists of all players is called a 
grand coalition.  The total number of coalitions C in a weighted voting system with N players is 
given by the formula C = 2N – 1.  
 
1.  How many coalitions are there in a weighted voting system with 2 players? 1. __________ 
 
2.  How many coalitions are there in a weighted voting system with 3 players? 2. __________ 
 
3.  How many coalitions are there in a weighted voting system with 4 players? 3. __________ 
 
4.  How many coalitions are there in a weighted voting system with 5 players? 4. __________ 
 
5.  How many coalitions are there in a weighted voting system with 6 players? 5. __________ 
     
A weighted voting system with 2 players has 3 possible coalitions. 
 
   1-Player Coalitions  2-Player Coalitions 
   {P1}    {P1, P2} 
   {P2} 
 
A weighted voting system with 3 players has 7 possible coalitions. 
 
 1-Player Coalitions  2-Player Coalitions  3-Player Coalitions 
 {P1}    {P1, P2}   {P1, P2, P3} 
 {P2}    {P1, P3} 
 {P3}    {P2, P3} 
 
6.  A weighted voting system with 4 players has _______ possible coalitions.  In the table below, 
list all possible coalitions in a weighted voting system with 4 players 

 
 
 

1-Player Coalitions 2-Player Coalitions 3-Player Coalitions 4-Player Coalitions 

    
    
    
    
    
    



Some coalitions have enough votes to win and some do not.  We call a coalition with enough 
votes to win a winning coalition.  A grand coalition is always a winning coalition since it has all 
of the votes.  A 1-player coalition can be a winning coalition only if that player is a dictator.  We 
will focus our study of winning coalitions on voting systems that do not have dictators, so that a 
winning coalition must have two or more players.  In a winning coalition, a player is said to be a 
critical player for the coalition if the coalition must have that player’s votes to win.  In other 
words, if the total weight of a coalition drops below the quota when we subtract a player’s votes, 
that player is a critical player. 
 
Consider the weighted voting system [4: 3, 2, 1].  Only coalitions with a total weight of 4 are 
winning coalitions.  Since there is no dictator, we know that a winning coalition must have at 
least two players. 
 

2-Player Coalitions Number of Votes Winning Coalition Critical Players  
{P1, P2}   5   Yes  P1 and P2   
{P1, P3}   4   Yes  P1 and P3 
{P2, P3}   3   No 

 
3-Player Coalitions Number of Votes Winning Coalition Critical Players 
{P1, P2, P3}   6   Yes  P1 

 

7.  Consider the weighted voting system [6: 4, 3, 2, 1].  Determine whether each coalition is a 
winning coalition and then determine the critical players in each winning coalition. 
 

2-Player Coalitions Number of Votes Winning Coalition Critical Players  
{P1, P2}    
 
{P1, P3}    
 
{P1, P4} 
 
{P2, P3}    

  
{P2, P4} 

  
{P3, P4} 

 
3-Player Coalitions Number of Votes Winning Coalition Critical Players 
{P1, P2, P3}    

  

{P1, P2, P4} 
  

{P1, P3, P4} 
 
{P2, P3, P4} 

 
4-Player Coalitions Number of Votes Winning Coalition Critical Players 
{P1, P2, P3, P4}  


