
Discrete Math      Name ______________________________ 
Lesson 4.1 – Apportionment Problems   
Exercise 1         Period   ___________   
 

When the Founding Fathers of our country convened in Philadelphia in 1787 to draft a 
Constitution for the new nation, the most controversial issue was the make-up of the legislature.  
Large states with large populations wanted proportional representation.  With proportional 
representation, small states feared the large states with more representatives would control the 
legislature, so the small states demanded an equal number of representatives for each state.  The 
heated debate resulted in a compromise, known as the Connecticut Plan, in which the legislature 
would comprise two houses, one with equal representation (the Senate) and one with proportional 
representation (the House of Representatives).   

The Constitution specifies that seats in the House of Representatives are to be allocated 
proportionally based on population, but it does not prescribe a formula for determining the 
allocations.  What the Founding Fathers did not realize is that formulas devised by Congress would 
lead to more controversy and lead to what is known today in mathematics as the “apportionment 
problem.”   

The basic elements of any apportionment problem include the following. 
 

� states – the term used to describe the “players” in apportionment.  We will use N to denote 
the number of states. 

� seats – the term used to describe the identical objects to be to be divided among the N states.  
We will use M to denote the number of seats to be apportioned. 

� populations – each state has a population which is used as the basis for the apportionment 
of seats.  We will use the lower case pN to denote the population of state N (e.g., p1 is the 
population of state 1, p2 is the population of state 2, and so on). We will use the upper case P 
to denote the total population of all of the states, so that  
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� standard divisor – the ratio of the total population P to the number of seats M.  We will use 
SD to denote the standard divisor, so that 
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� standard quotas – each state receives a standard quota of seats.  It is the exact fractional 
number of seats that a state would get (if fractional seats were allowed).  We will use qN to 
denote the standard quota of state N (e.g., q1 is the population of state 1, q2 is the population 
of state 2, and so on).  The standard quota qN is found by dividing the population of the state 
pN by the standard divisor SD. 
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The sum of all states’ standard quota of seats is equal to the total number of seats M.   
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� upper quota and lower quota – each state has an upper quota and a lower quota of seats.  A 
state’s upper quota is its standard quota rounded up to the nearest whole number; a state’s 
lower quota is its standard quota rounded down to the nearest whole number. 



1. The Bandana Republic is a country consisting of four states: Apure, Barinas, Carabobo and 
Dolores. There are 200 seats in the Congress.  The population of each state is given in the table. 
 

State Population (pN) Standard Quota (qN) Lower Quota Upper Quota 

Apure 3,310,000    
Barinas 2,670,000    

Carabobo 1,330,000    
Dolores    690,000    

 
a. Calculate the standard divisor. SD = _______________________ 
 
b. Describe what the standard divisor represents in this problem. ____________________________ 
 
________________________________________________________________________________ 
 
c. Use the standard divisor to find each states standard quota. 

 
d. Find each state’s lower and upper quotas. 
 
2. The Scotia Metropolitan Area Rapid Transit Service (SMARTS) operates 130 buses on six bus 
routes (A, B, C, D, E and F).  The buses are apportioned to the routes based on the average number 
of daily passengers per route. 
 

Route Average Daily Passengers (pN) Standard Quota (qN) Lower Quota Upper Quota 

A 45,300    
B 31,070    
C 20,490    
D 14,160    
E 10,260    
F   8,720    

 
a. What represents the “states” in this problem? _________________________________________ 
 
b. What represents the “seats” in this problem?  _________________________________________ 
 
c. What represents the “populations” in this problem?  ____________________________________ 
 
d. Calculate the standard divisor. SD = _______________________ 
 
e. Describe what the standard divisor represents in this problem. ____________________________ 
 
________________________________________________________________________________ 
 
f. Use the standard divisor to find each states standard quota. 

 
g. Find each state’s lower and upper quotas. 


